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HYPERSURFACES OF CONSTANT HIGHER ORDER MEAN 
CURVATURE IN WARPED PRODUCTS 

LUIS J. ALIAS, DEBORA IMPERA, AND MARCO RIGOLI 

Abstract. In this paper we characterize compact and complete hypersurfaces 
with some constant higher order mean curvature into warped product spaces. 
Our approach is based on the use of a new trace operator version of the Omori- 
Yau maximum principle which seems to be interesting in its own. 



1. Introduction 

A classical result by Alexandrov pQ states that a compact hypersurface with 
constant mean curvature embedded in Euclidean space must be a round sphere. 
The original proof is based on a clever use of the maximum principle for elliptic 
partial differential equations. This method, now called the Alexandrov's reflexion 
method, also works for hypersurfaces in ambient spaces having a sufficiently large 
number of isometric reflexions, for instance in the hyperbolic space. 

To extend the above result to a larger class of Riemannian spaces it appears con- 
venient to consider manifolds with a sufficiently large family of complete embedded 
constant mean curvature hypersurfaces. Such a family plays the role of the umbil- 
ical hypersurfaces in spaces of constant sectional curvature. In this setting, given 
an immersed hypersurface, the next step is to look for geometric assumptions that 
force the hypersurface to be one of the selected family. In the compact case, this 
was first done by Montiel [11] that considers as a natural class of ambient manifolds 
that of warped products M n+1 = M x p P™ where P™ is a complete n-dimensional 
Riemannian manifold and p : K — > R+ is a smooth warping function. Then each 
leaf F t = {t} x P" (called here a slice) of the foliation t G K i-> P t of M n+1 is a 
complete hypersurface with constant mean curvature. This approach was later con- 
sidered in [3] where Alias and Dajczer generalized Montiel's results. Some of those 
generalizations hold even for complete, not necessarily compact, hypersurfaces. 
The aim of the present paper is to extend the investigation to hypersurfaces with 
constant higher order mean curvatures, both in the compact and in the complete 
case. Our main analytical tools to reach the goal are provided by the Newton 
tensors P& of the hypersurface, their associated second order differential operators 
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Lk and further various combinations of them. We underline that in the complete 
case, we tailor an appropriate version of the Omori-Yau maximum principle for 
very general operators to deal with the problems at hand. 

The paper begins with Section 2, collecting a number of preliminary results and 
fixing notation. Section 3 is devoted to a proof of a generalized version of the 
Omori-Yau maximum principle for a wide class of trace operators and to deter- 
mine some geometrical assumptions guaranteeing the validity of the principle (see 
for instance Corollary I3.4j) . In Section 4, as a first application of our method and 
inspired by the mean curvature estimates given in [5] , we derive higher order mean 
curvature estimates for complete immersed hypersurfaces. In Sections 5 and 6 we 
determine sufficient conditions for hypersurfaces with constant higher order mean 
curvatures contained in a slab to be a slice of the ambient space, extending previous 
results for the case of constant mean curvature hypersurfaces given in [4]. Finally, 
in Section 7 we give a number of further results recovering this uniqueness property. 



Let / : E n — > M n+1 be a connected hypersurface isometrically immersed into the 
Riemannian manifold M n+ . We let A denote the second fundamental form of the 
immersion with respect to a (locally defined) normal vector field N. Its eigenvalues, 
K\, . . . , K n , are the principal curvatures of the hypersurface (in the direction of N). 
Their elementary symmetric functions Sk, k = 0, So = 1, define the fc-mean 
curvatures of the immersion via the formula 



Thus Hi — H is the mean curvature, H n is the Gauss-Kronecker curvature and H2 
is, when the ambient space is Einstein, a multiple of the scalar curvature modulo a 
constant. 

The Newton tensors associated to the immersion are inductively defined by 



Note, for further use, that TrPk = (n—k)Sk and TrAPk — (k+l)Sk+i- In the sequel 
we shall need to have the operators Pk to be globally defined on TE. Obviously, 
the sign of the second fundamental form A depends on the chosen local unit field 
N. However, when k is even the sign of Sk (and hence Hk) does not depend on the 
chosen N, which implies, by its very definition, that the operator Pk is a globally 
defined tensor field on TE. On the other hand, when k is odd in order to have Pk 
globally defined, we need to assume that E is two-sided. Recall that a hypersurface 
/ : S" —> M n+1 is called two-sided if its normal bundle is trivial, i.e. there exists 
a globally defined unit normal vector field N . For instance, every hypersurface 
with never vanishing mean curvature is trivially two-sided. When the hypersurface 
is two-sided, a choice of iV on E makes the second fundamental form A and its 
associated Newton tensors Pk globally defined tensor fields on TE. 

Let V stand for the Levi-Civita connection of E. For a given function u E C 2 (E), 
we denote by hessw : TE — > TE the symmetric operator given by hessw(Y) = 
VjVu for every X e TE, and by Hessu : TE x TE -> C°°(E) the metrically 
equivalent bilinear form given by 



2. Preliminaries 




To = T 



Pk = Ski - APk-i. 



Hessw(X,Y) = (hessupO,Y). 
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Associated to each globally defined Newton tensor Pk : TE — > TE, we may consider 
the second order differential operator Lk ■ C°°(E) — > C°°(E) given by L k = Tr(Pk o 
hess). In particular, Lq is the Laplace-Beltrami operator A. Observe that 

L k (u) = div(P fc Vu) - (divP fe , Vu), 

where divP^ = TrV-Pfc. This implies that L k is elliptic if and only if Pk is positive 
definite and in this case the maximum principle holds for Lk- See for instance 
Theorem 3.1 in [10]. 

Note that the ellipticity of the operator L\ is guaranteed by the assumption 
i?2 > 0. Indeed, if this happens the mean curvature does not vanish on E, because 
of the basic inequality H\ > H%. Therefore, the immersion is two-sided and we can 
choose the normal unit vector N on E so that Hi > 0. Furthermore 

n 

n 2 H 2 = + n{n - 1)H 2 > k\ 

j=i 

for every i = 1, . . . , n, and then the eigenvalues of Pi satisfy /ii,, = nH\ — m > 
for every i (see, for instance, Lemma 3.10 in [S]). This shows ellipticity of L\. 
Regarding the ellipticity of Lj when j > 2, we will assume that there exists an 
elliptic point in E, that is, a point p G E at which the second fundamental form 
A is positive definite with respect to an appropriate orientation. The existence of 
an elliptic point implies that is positive at that point, and applying Carding 
inequalities, [5], we have 

(2.1) fli > Hi 12 >■■■> Hli {k ;- 1] > Hl /k > 0, 

with equality at any stage only for an umbilical point. Therefore, in case 
is constant, the immersion is two-sided and Hi > for the chosen orientation. 
Moreover, in this case, for every 1 < j < k — 1, the operators Lj are elliptic 
or, equivalently, the operators Pj are positive definite (for a proof of this fact 
see [71 Proposition 3.2]). Observe that the existence of an elliptic point is not 
guaranteed, in general, even in the compact case. For instance, it is clear that totally 
geodesic spheres and Clifford tori in S™ +1 are examples of compact isoparametric 
hypersurfaces without elliptic points. On the contrary, it is not difficult to see that 
every compact hypersursurface in an open hemisphere has elliptic points (see for 
instance the proof of Theorem 11.1 in [5] ) . 

In what follows, we consider the case when the ambient space is a warped product 
M n+1 = I x p P™, where / C R is an open interval, P" is a complete n-dimensional 
Riemannian manifold and p : I — > M+ is a smooth function. The product manifold 
I x P™ is endowed with the Riemannian metric 

(,)=^(ch 2 ) + pV/K((,)p). 

Here 717 and irp denote the projections onto the corresponding factor and (, )p is the 
Riemannian metric on P™. In particular, M n+1 = I x p P™ is complete if and only 
if I = R. We also observe that each leaf P t = {t} x P™ of the foliation t P t of 
M n+1 is a complete totally umbilical hypersurface with constant fc-mean curvature 

n k (t) = (^) k , 0<k<n, 

with respect to —d/dt. 
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Let / : E n — > M n+1 = I x p P n be an isometrically immersed hypersurface. 
We define the height function h 6 C°°(E) by setting h — tti o f. In this context 
and following the terminology introduced in [3], we will say the the hypersurface 
is contained in a slab if /(E) lies between two leaves ¥ tl ,Pt 2 with t\ < t2 of the 
foliation. 

We observe that results similar to those of the present paper hold for spacelike 
hypersurfaces in a generalized Robertson- Walker spacetime. These will appear in 
our paper [5]. 

3. The generalized Omori-Yau maximum principle for trace operators 

Let E™ be an n-dimensional Riemannian manifold. Following the terminology 
introduced in [14] , the Omori- Yau maximum principle is said to hold on E for the 
Laplace operator if, for any smooth function u £ C 2 (E) with it* = sup s u < +oo 
there exists a sequence of points {pjjjeN in E with the properties 

(i) ufa) > u* - -., (ii) UVuCPjOII < -., and (iii) Au( Pj ) < -.. 

Equivalently, for any u £ C 2 (E) with u* = inf e u > —oo there exists a sequence 
{pjjjgN hi E satisfying 

(i) u( Pj ) < u» + (ii) ||Vu(pj)|| < y, and (iii) Au(pj) > ~. 

In this sense, the classical result given by Omori [T^] and Yau [TS] states that the 
Omori-Yau maximum principle holds on every complete Riemannian manifold with 
Ricci curvature bounded from below. More generally, as shown by Pigola, Rigoli 
and Setti [TH Example 1.13], a sufficiently controlled decay of the radial Ricci 
curvature of the form 



where r is the distance function on E to a fixed point, C a positive constant, and 
G : [0, +oo) — > R is a smooth function satisfying 



suffices to imply the validity of the Omori-Yau maximum principle. 

On the other hand, as observed again in |14j . the validity of Omori-Yau maximum 
principle on E™ does not depend on curvature bounds as much as one would expect. 
For instance, the Omori-Yau maximum principle holds on every Riemannian man- 
ifold admitting a non-negative C 2 function 7 satisfying the following requirements: 
(i) "f{p) — > +00 as p — > 00; (ii) there exists A > such that HV7H < A^/j off 
a compact set; and (iii) there exists B > such that A7 < B^y^jGi^J^) off a 
compact set, where G is as above (see O Theorem 1.9]). 

For the proof of our main results in this paper, we will use the following general- 
ization of [El Theorem 1.9] for trace type differential operators which includes the 
operators Lk- 



Ric E (Vr,Vr) > -C 2 G(r) 



(i) G(0) > 0, (ii) G\t) > 0, (iii) 




(iv) limswptG(Vi)/G(t) < +00, 



t— >-\-oo 



HYPERSURFACES IN WARPED PRODUCTS 



5 



Theorem 3.1. Let (£, (,)) be a Riemannian manifold and let L = Tr(Pohess) be 
a semi- elliptic operator, where P : TS — » TS is a positive semi- definite symmetric 
tensor satisfying sup s TrP < +00. Assume the existence of a non-negative C 2 
function 7 with the properties 

(3.1) 7(^)^+00 asp— > 00, 

(3.2) 3A > such that HV7H < off a compact set, 

(3.3) 3B > smc/i i/iai Lj < B^G{^)^ off a compact set, 
where G is a smooth function on [0, +00) such that: 

(i) G(0) > 0, (ii) G'{t) > on [0, +00), 

l °' 4 ' ("i) G(t)~i # L^+oo), (iv) limsup^ < +00. 

Then, given any function u £ G 2 (£) m* = sup s it < +00, £/iere exists a 

sequence {pjl^gfj C £ ii/if/i £/ie properties 

(3.5) (i) ufo) > - j, (ii) HVuCpjJH < j, (iii) Lu{ Pj ) < I Vj e N. 
Proof. Define the function 

¥ >(t)= e /o G W" 4 ds. 

Note that <^(t) is a well defined, smooth, positive function such that tp(t) — > +00 
as t — > +00. Moreover 

ip'{t) = G(t)-iip(t) and <p"{t) = (g^)" 1 - 2G(t)-*G'(t)) <p(t), 

and therefore 

Then, using assumption (|3.4|l .(iv) we get 

(3.7) $§£<«(.»))-», 

for some constant c > 0. 

Fix a point po £ S and, for a fixed J € N define 

= ^(p) - u(po) + 1 

¥>(7(P)) 7 

Then fj(po) — l/V(7(po)) 1 '-' > 0. Moreover, since u* < +00 and </?(7(p)) — > +00 
as p -> 00, we have limsupp^.^ fj(p) < 0. Thus, fj attains a positive absolute 
maximum at pj g S. Iterating this procedure we produce a sequence {Pj} jeN C S. 
The proof of (|3.5|) .(i) and (|3.5p .(ii) is the same as in [TJ, so we only prove (|3.5[) .(m). 
Proceeding as in Theorem 1.9 of |14j . up to passing to a subsequence, we have 
limj^ +00 u(pj) — u*. If {pj} is contained in a compact set, then pj — »• p 6 £ as 
j — > +00 and it attains its absolute maximum. Hence we have 

u(p) = u*, \\Vu(p)\\ = 0, Hessw(p) < 0. 

In particular, since P is positive semi-definite it holds that Lu(p) < 0. Hence the 
sequence pj = p, for each j, satisfies all the requirements. Consider now the case 
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when {pj} diverges off a compact set, so that, according to (|3.1[) . j(pj) — > +00. 
Since fj attains a positive maximum at pj we have 

(i) (Vlog/jOfo) = 0, (ii) Hess log frfa) < 0. 

A simple computation then gives 

Ressu( Pl )(v,v) <-(u( P] ) - u(po) + 1) { 9 (7(ft)) Hess 7 fo) (v, v) 

- u (po) + l){^MHe S s 7 (p 3 )(v) 



for every v € r Pj £, where we have used ()3.6j) . Let {ei,...,e„} C r pj S be an 
orthonormal basis of eigenvectors of P(pj ) corresponding to the eigenvalues ^ (pj ) = 
(P(pj)ei, ei) > 0. Then, for every 1 < i < n, we have 

(Phessn(pj)ei, e*) =m(pj) Hessu(pj)(e,-, e,) 

<i(u(p,) - tt(po) + i)| ^fa-)) ( p hess7 (p ) e . )e .) 
J L WW)) 

, l^'(7fe))^ 2 



i ^ p(7(pj)) 

Taking traces here and using the fact that 



Mi(Pi)(V7(Pj)> e <) )■ 



we obtain that 



(PV 7 , V 7 ) = ^^(V 7 , ei ) 2 < TrP||V 7 || 2 , 
i=i 

Lu( Pj ) < l -{u{ Pj ) - u( P0 ) + l){^2gJlL 7fe ) 

+ j(f|§)>^>^»} 

- U (po) + l){^Mi 7fe ) 

Since (|3.2p and (I3.3[) hold outside a compact set, they hold at for j sufficiently 
large. Then, using (|3.7[) . 

Lufo) <y(u(p,-) - u( Po ) + l){Bc+ ^c 2 A 2 CG( 7 ( Pj )i)-^ 

<c u *-u(p ) + l 

j 

for some constant C > 0. Since the right hand side tends to zero as j — > +00, this 
proves condition (hi) in (|3.5p . □ 

Following the terminology introduced in |14J . we introduce the next 
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Definition 3.2. Let E be a Riemannian manifold and let L be an operator as 
is Theorem 13.11 The Omori-Yau maximum principle is said to hold on E for the 
operator L if, for any function it € C 2 (E) with u* = sup s u < +oo, there exists a 
sequence {pj}j £¥j C E with the properties 

(i) u(pj) >u*-~, (ii) ||Vi*CPj)|| < j, (iii) i«(Pj) < j 

for every j € N. Equivalently, for any function it € C 2 (E) with = infs it > — oo, 
there exists a sequence C E with the properties 

(i) u(pj) < u* + j, (ii) ||Vu(pj)|| < j, (in) I*i(Pj) > - j 
for every j 6 N. 

The function theoretic approach to the generalized Omori-Yau maximum prin- 
ciple given in Theorem 13.11 allows us to apply it in different situations, where the 
choices of the functions 7 and G are suggested by the geometric setting. The 
next are two significant and useful examples of an intrinsic and extrinsic nature, 
respectively. 

Let (E, (,)) be a complete, non-compact Riemannian manifold and let o G E 
be a fixed reference point. Denote with r(p) the distance function from o and 
set 7(p) = r(p) 2 . Then 7 satisfies assumptions (|3.1|) and (|3.2|) of Theorem 13.11 
Furthermore, 7 is smooth within the cut locus of o. Assume that the radial sectional 
curvature of S, that is, the sectional curvature of the 2-planes containing Vr, 
satisfies 

(3.8) Kg* > -G(r), 

where G be a smooth function on [0, +00) even at the origin, i.e. G( 2fe+1 ) (0) = for 
each k = 0, 1, . . ., and satisfying conditions (i)-(iv) listed in (|3.4[> . Then assumption 
(|3.3j) is satisfied. 

Indeed, assuming that (|3.8|l holds, by the Hessian comparison theorem within 
the cut locus of o, one has 

(3.9) Hessr(p)(i,,i,) < &^ { \\ v f _ (Vr(p), V ) 2 ) 

for every v G T p E, where </>(<) is the (positive) solution of the initial value problem 

(/)" - G4> = 0, 
#0) = 0, 0'(O) = 1. 

Now let 

</>(i) = 

Then t/>(0) = 0, V'(0) = 1 and 

r(t) - G(t)m = -jL= [ G(t) + efo VW)ds ] > 

Hence, by the Sturm comparison theorem 

(3.10) Vrl<^rl = VW) 7 ; < 




s 
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where the last inequality holds for a constant c > and t sufficiently large. There- 
fore, if r is sufficiently large 

Hessr < cy/G(r)((,) - drfgtdr). 

Since Hess 7 = 2r Hess r + 2dr eg) dr, we obtain from here that 

(3.11) Hess 7 <cy / 7 G(^)(,) 

for a constant c and 7 sufficiently large. Then, using the fact that P is positive 
semi-definite 

L7 < cTr/y 7 G(V7) 
for a constant c and 7 sufficiently large. We have thus proved the following: 

Corollary 3.3. Let (E, (,)) be a complete, non-compact Riemannian manifold 
whose radial sectional curvature satisfies condition (|3.8[) . Then, the Omori- Yau 
maximum principle holds on E for any semi-elliptic operator L = Tr(Pohess) with 
sup s TrP < +00 . 

On the other hand, the following example, of an extrinsic nature, will be useful in 
the sequel for the case of properly immersed hypersurfaces. Consider P ra a complete, 
non-compact, Riemannian manifold, let o G P n be a reference point and denote by 
f the distance function from o. We will assume that the radial sectional curvature 
of P™ satisfies the condition 

(3.12) K^ d > -G(f), 

where G is a smooth function on [0, +00) even at the origin, i.e. G^ 2fe+1 ^(0) = for 
each k = 0, 1, . . ., and satisfying conditions (i)-(iv) listed in (|3.4[) . Let / : E™ — > 
M n+1 = I x p P" be a hypersurface. Observe that if E is compact then every 
immersion / : E™ — > / x p P™ is proper and contained in a slab, and the Omori- Yau 
maximum principle trivially holds on E for any semi-elliptic operator. Assume then 
that E is non-compact and let / : E" — > M n+1 = I x p P™ be a properly immersed 
hypersurface which is contained in a slab, that is, /(E) C [iijia] x P" - - 

Let 7 : P" — ► R be the function given by ^(x) = r(x) 2 for every igP™, and set 
7 : E — > R for the associated function, defined as 

lip) = lifip)) = l(x(p)) = r(x(p)) 2 

for every p € E, where j(t,x) = j{x) and f(p) = (h(p), x(p)). Since / is proper, if 
P 00 in E then f(p) —> 00 in M n+l = I x p P" , but being / contained in a slab, 
this means that x(p) — > 00 in P™. It follows that j(p) = f(x(p)) 2 — > +00 as p — > 00 
in E, and 7 satisfies condition (|3.1[) in Theorem 13. II 

Let us denote by V, V and V the Levi-Civita connection (and the gradient 
operators) in M n+1 , P" and E™, respectively. Since 7 = 7°/, along the immersion 
/ we have 

(3.13) V7 = V7+ (Vj,N)N 

where N is a (local) smooth unit normal field along /. On the other hand, from 
j(t, x) = 7(2) we have 

(V7,T)=0, 

where, as usual, T stands for the lift of dt to the product I xP n , and 

(V7,V) - (V 7 ,V> 
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for every V, where V denotes the lift of a vector field V € TP to I x P n . Since 

(V7,^)=P 2 (V7,^)p, 

we conclude from here that 

(3.14) V7 = \\7j = %Vf. 

p z p z 

Therefore, since ||Vf|j = p||Vf|| p = p and p(h) > minr tl ta i p(t) > 0, along the 
immersion we have 

(3-15) ||V 7 || < ||V7|| = ^0 < cV7 

for a positive constant c. Thus, 7 also satisfies condition (|3.2[) in Theorem 13. II In 
particular E is complete (see [T3] pag 10). 

Next, we will see that, under appropriate extrinsic restrictions, condition (|3.3[) 
in Theorem 13. II is also satisfied. From (|3 . 1 3[) it follows that 

Ressj{X,X) = Ressj{X,X) + (Vj,N)(AX,X) 

for every tangent vector field X E TE. From (|3.14p 

(3.16) V T V7 = --^-V 7 = -^V7, 

P 6 

where U(t) = p'{t)/p(t). In particular, Hess7(T,T) = 0. Then, writing X = 
X* + (X,T)T, where X* = ir P *X, we have 

Hess7(X,X) = Hcss 7 pr,X*) + 2(X, T)Hess 7 (X*, T). 

From p,16|) we have that 

Hess 7 (X*,T) = -H(h)(Vj,X) = -H(h)(Vj,X). 

On the other hand, using 

Vx.V7=ivx.V7--^<V7,^*)T 
p z p a 

we also have 

Ressj(X*,X*) = ±(V x .Vj,X*) = (Vx.V 7 ,X*) P = Hess 7 (X*,X*). 
P 

Summing up, 

(3.17) Hess 7 pf,J0 = Hcss 7 (X*,X*) - 2U{h){V^,X){T,X) 

+(Vj,N)(AX,X) 

for every tangent vector field X e TE. 
Observe that, using (|3.15j) . 

|HW(V 7 ,X)(T,X)| < \U{h)\ IIV7IIIIXH 2 < c^f\\X\\ 2 . 

for a constant c > 0, since < max[ tl t2 ] |%(t)|. On the other hand, reasoning 

as we did before in deriving (|3.11l) . from condition (|3. 12|) and using the Hessian 
comparison theorem for P n it follows that, if 7 is sufficiently large, then 



Ressj(X*,X*)<c^G{^)\\X\\ 
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for a certain positive constant c, where we are using the fact that 

n < -^-jj-jxw < . 1 \\x\\. 

inf s p(/i) min[i lii2 ] p{t) 

Therefore, since lim t ^ +00 G(t) = +00, from f|3.1T[) we conclude 



(3.18) Hess~f(X,X) < c^fG(^)\\X\\ 2 + ( V 7 , N) (AX, X) 

for every tangent vector field X £ TS, outside a compact subset of S. 
Assume now that sup E \H | < +00. Tracing (I3.18|) we obtain 



A7 < nc^JjG{y/j) + nH(Vj, N) 
outside a compact set. Furthermore, by t)3 . 1 5[) 



\H(V^,N)\<8uj>\H\\\Vj\\<c^f<cJ 7 G(^y) 
s v 

for some constant c > 0. Thus, we conclude that, outside a compact subset of S, 

A 7 < c^ 7 G(V7) 



for some constant c > 0, which means that condition p.3| in Theorem l3.1l is fulfilled 
for the Laplacian operator. Therefore, the Omori-Yau maximum principle holds on 
£ for the Laplacian. 

On the other hand, if we assume instead that sup s ||j4|| 2 < +00 then, using again 
(|3.15J) . we have 

\(Vj,N)(AX,X}\ < ||V 7 ||P||||X|| 2 < Cv / 7 G(^)||X|| 2 

for a positive constant c, if 7 is sufficiently large. From (|3.18[) we therefore obtain 

(3.19) Hess 7 (A, X) < c^G(^)\\X\\ 2 , 

for every tangent vector field X £ TS, outside a compact subset of S. Thus, if P 
is a positive semi-definite operator with sup s TrP < +00, we conclude from here 
that 



i 7 < ncsupTrPy "/G(y/jj 



if 7 is sufficiently large, which means that condition (I3.3|) in Thcorcm l3.1l is fulfilled 
for the operator L. Therefore the Omori-Yau maximum principle holds on S for L. 
We summarize the above discussion in the following: 

Corollary 3.4. Let P" be a complete, non-compact, Riemannian manifold whose 
radial sectional curvature satisfies the condition (|3.12p . Let f : S" — > M n+1 = 
L x p P" be a properly immersed hypersurface contained in a slab. 

(1) 7/sup s \H\ < +00, then I] is complete and the Omori-Yau maximum prin- 
ciple holds on S for the Laplacian. 

(2) If sup s ||A|| < +00, then S is complete and the Omori-Yau maximum 
principle holds on E for any semi-elliptic operator L = Tr(P o hess) with 
sup s TrP < +00. 
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Remark 3.5. From the equality 

||A|| 2 = n 2 Hl -n(n- l)H 2 

it follows that under the assumption infs H 2 > — oo the condition sup s || A\\ 2 < +00 
is equivalent to sup E \Hi\ < +00. 

4. Curvature estimates for hypersurfaces in warped products 

In this section we will derive some estimates for the fc-mean curvatures of a 
hypersurface in a slab of a warped product space. Towards this aim we need the 
next computational 

Proposition 4.1. Let f : S™ — > M n+1 = I x p P™ fee an isometric immersion into 
a warped product space. Let h be the height function and define 

(7 {t) = / p(u)du. 

Then 

(4.1) Lfe/i = H(h)(c k H k - (P k Vh, V/i)) + c k QH k+1 , 
and 

(4.2) L fe a(/i) = c kP (h)(H(h)H k + eH k+1 ), 

where c k = (n - jfe)(£) = (fe + lJ^+J, W(t) = p'{t)/p{t), and 9 = (JV,T) is the 
angle function. 

Proof. The gradient of 717 <= C°°(M) is V717 = T, hence: 

(4.3) V/i - (Vtt/) t = T-QN. 

Recall that the Levi-Civita connection of a warped product satisfies 
V X T = H(X - (X,T)T), for any X E TM. 

Thus 

V x V/i = - (X, T)T) - X{@)N + SAX, 

for any X E TS. Then 

(4.4) hess/ipsT) = VjV/i = - (X, Vh)Vh) + QAX, 

where V denotes the Levi-Civita connection on S n . Let {e\,...,e n } be a local 
orthonormal frame on E. Then, using the expressions of the traces of P k and P k A 

L k h — Tr(Pfe o hess /i) = ^^(-Pfc hess h(ei), ef) 

i 

=H(h)(TrP k - (P k Vh,Vh)) + GTr(P k A) 

=n(h)(c k H k - (PfeV/i, v/i)) + Cfc efr fc+1 . 

On the other hand, since Vcr(h) = p(h)Vh, we have 

hesscr(h)(X) = p'(h)(Vh,X) Vh + p(h) hess h(X). 
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Therefore 

L k a(h) =Tr(P fe ohess(T(/i)) = ^(P fe hess(T(/i)(e i ),e i ) 

i 

=p'{h)(P k Vh,Vh) + P (h)H(h)(TrPk - {P k Vh,Vh)) 

+ p(h)OTr(P k A) 
=Ckp(h)(U(h)Hk + QHk+i). 

□ 

As a first application of the computations above, we derive the following: 

Theorem 4.2. Let f : S" — > I x p P™ be an immersed hyper surface. If the Omori- 
Yau maximum principle holds on £ for the Laplacian and h* = sup s h < +00, 
then 

sup |ff I > inf H(h). 

s s 

In particular, and as an application of Corollary 13. 4| we deduce the following 
result, which generalizes Theorem 2 in [3]. 

Corollary 4.3. Let P™ be a complete, non-compact, Riemannian manifold whose 
radial sectional curvature satisfies condition (|3.12|) . If f : S" — > M n+1 = I x p P n 
is a properly immersed hypersurface contained in a slab, then 

(4.5) sup >iafH(h). 

s s 

In other words, there is no properly immersed hypersurface contained in a slab 
[ti,t 2 ] x P" with 

sup |ff I < inf H{t). 

s [txM 

For the proof of Corollary H3J observe that if sup s |ff | = +00 then the inequality 
(|4.5|) trivially holds. On the other hand, if sup E |ff| < +00 then by Corollary 13.41 
we know that the Omori-Yau maximum principle holds on £ and the result follows 
from Theorem 14.21 



Proof of Theorem \4-%\ Since h is bounded from above, we may find a sequence 
{qj} C E" such that 

lim h(qj) — h*:—swph, 

\\vh( qj )f = i-e 2 fe)< (i) 2 , 

Ah( qj ) = U(h( qj ))(n - || Vh{ qj )\\ 2 ) + nH( qj )Q( qj ) < - 

Then 

- > A/ife) > U{h{ qj )){n- ||V/i( gj )|| 2 ) -nsup|ff|. 
J s 
Making j — >■ +00 we get 

0>H(h*) -sup|ff|, 



so that 



sup |ff I > ff(/i*) > inf U{h). 



□ 
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Corollary 4.4. Let P™ be a complete, non-compact, Riemannian manifold whose 
radial sectional curvature satisfies condition p,12j) . If f : E n — > M n+1 = Ix c tV n is 
a parabolic, properly immersed hypersurface with constant mean curvature \H\ < 1 
contained in a slab, then /(E) is slice. 



For the proof of this corollary observe that from Corollarv l4.3l it must be \H\ = 1. 
Choose the orientation so that H = 1. In this case <r(h) = e h and by (|4.2p 

Ae h = ne h (l + 9) > 0. 

Therefore, since e h < e h it follows that e h is a sub-harmonic function on E which 
is bounded from above. The conclusion now follows from parabolicity. 
For the next results, we normalize the operators Pk to the following 

Pk = ^-Pk 

where, of course, we are assuming Hk > 0. We will denote by Lk the corresponding 
differential operator, that is 

L k = Tr{P k o hess). 

Observe that 

Tr(i\) = c fe 

so that the operators P k have trace always bounded from above. With this prepa- 
ration we state the next 

Theorem 4.5. Let f : E n — > I X p P n be an immersed hypersurface with H 2 > 0. 
If the Omori-Yau maximum principle holds on E for L\ and h* = sup s h < +oo, 
then 

su Pj ff 2 1/2 > ia£H(h). 
s s 

Proof. We may assume without loss of generality that sup E H 2 < +oo and inf s > 
0. Otherwise the desired conclusion trivially holds. Using the basic inequality 
Hi > s/Hi we know that Hi > and Li is a well defined elliptic operator. Since h 
is bounded from above and sup s cr(h) = o~(h*), we may find a sequence {<Zj} C E™ 
such that 



lim (<7 o h)(qj) = cr(h*) : = sup(cr o h), 

j— 7- + 0O 



\\V(aoh)( q] )\\ 2 = p{h{ qj )f(l-Q\q ))< (-) , 
Li(aoh)(q J ) < -. 



Then we have 



-. >£i(<to ft)(<&) = n(n - l)p(%i)) + efo)|^)) 

>n(n - («<&)) - 

>n(n- 1M%,)) («<?,)) - V^afo)' 



Observe that 



lim (a o h){qj) = u{h*) := sup(cr o /i) 
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implies linXj-^+oo h(<lj) = h* , because a(t) is strictly increasing. Making j — > +00, 
and, if necessary, up to passing to a subsequence we get 

0>H(h*)-sup y/H~ 2 . 
s 

So 

su Pj ff 2 1/2 >H(h*)> MH(h). 
e s 

□ 

As a consequence of the previous theorem and of Corollarv l3.4l (see also Remark 
13.51) we have 



Corollary 4.6. Let P" be a complete, non-compact, Riemannian manifold whose 
radial sectional curvature satisfies condition (|3.12|) . // / : E n — > A/™ +1 = I x p ¥ n 
is a properly immersed hypersurface with H 2 > 0, sup s \H\\ < +00 and contained 
in a slab, then 

sup7J 2 1/2 > miH{h). 

E s 

In other words, there is no properly immersed hypersurface with H 2 > and 
sup s < +00 contained in a slab [£1,^2] x IP" with 

supiJ 2 1/2 < inf U{t). 

In the next theorem, the existence of an elliptic point enable us to guarantee 
that is strictly positive and to guarantee ellipticity of the operator Lj~—i. 

Reasoning as in the previous results gives the next 

Theorem 4.7. Let f : S n — > I x p P" be an immersed hypersurface having an 
elliptic point, with Hk > 0. If the Omori-Yau maximum principle holds on S for 
Lk-i, with 3 < k < n, and h* < +00 then 

sup#y fc > inf H {h). 

s s 

Corollary 4.8. Let P™ be a complete, non-compact, Riemannian manifold whose 
radial sectional curvature satisfies condition (|3.12j) . Assume that f : S" — > M n+1 = 
I x p P" is a properly immersed hypersurface having an elliptic point, with Hk > 
and sup s \H\ \ < +00. ///(E) is contained in a slab, then 

supHl /k > MU(h) 

E E 

for every 3 < k < n. In other words, there is no properly immersed hypersurface 
having an elliptic point, with Hk > 0, sup s < +00 and contained in a slab 
[ii,i 2 ]xP n with 

sup#, 1/fe < inf Hit). 

E h [tiM] 

5. Hypersurfaces with constant 2-mean curvature 

In this section we will derive some applications for hypersurfaces with positive 
constant 2-mean curvature H 2 . Before stating the main results, let us introduce an 
auxiliary lemma that will be useful in the sequel. 



HYPERSURFACES IN WARPED PRODUCTS 



15 



Lemma 5.1. Let f : E" — > I x p P" be a hypersurface with non-vanishing mean 
curvature which is contained in a slab. Assume that %' > and that the angle 
function does not change sign. Choose on E the orientation so that Hi > 0. 
Suppose the Omori-Yau maximum principle for the Laplacian holds on £. We have 
that 

(i) ifO < 0, then H(h) > 0, 

(ii) i/6 > 0, thenH(h) < 0. 

Proof. Since /i is bounded from below and the Omori-Yau maximum principle for 
the Laplacian operator holds on E, we can find a sequence {pj} C E™ such that 

lim h(pj) = h* :='m£h, 

j-s-+oo 

||v%i)ll 2 = i-e 2 (p,)< (l) 2 , 

Ahipj) = n{h{ Pj )){n - \\Vh{ Pj )\\ 2 ) + nHiip^Gfa) > -~. 

Then 

(5.1) -nH^Qfa) < l -+U(h(p 3 )){n-\\Vh{p 3 )\\ 2 ). 

Similarly, since h is bounded from above, we can also find a second sequence {qj} C 
E" such that 



lim h(qj) = h*:=swph, 

\\Vh( qj )f = i-e 2 fe)< (i) 2 



Ah( qj ) = Uihiq^n-WVhiq^ + nH^Qiq,) < j 

Then 

(5.2) -n-ffife)©fe) > -^+nh(q ] ))(n-\\^Hq ] )\\ 2 )- 

Assume first that O < 0. Since lirn J _ s . +00 —Q(pj) = — sgn6 = 1 > 0, we have 
—Q(pj) > for sufficiently large j. Since Hi(pj) > 0, using (|5.ip it follows from 
(15~T1) that 



< liminf - Hiip^eipi) < H{K). 

j — >+oo V / 

Therefore H(h^) > and, by H' > 0, we conclude that 

H(h) > H(h,) > 0. 

Assume now that > then \imj^ +OQ Q(qj) = sgn0 = 1 > 0, so that Q(qj) > 
for sufficiently large j. Therefore, since H\(qj) > 0, from (15. 2[) we deduce 



< liminf (H^qAQtqj)) < -U(h* 
j— y+oo \ J 



Therefore W(h*) < and, by H' > 0, we conclude that 

H(h) < H(h*) < 0. 

This concludes the proof. □ 
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In the rest of this section we will work basically with the operator L±. We will 
assume that H% is a positive constant. Recall that this implies, in this case, that 
the immersion is two-sided. We can choose the normal unit vector N on E such 
that Hi > and the operator L\ is elliptic (see the discussion in the Preliminaries) . 

Let a(t) = J to p(s)ds. By Proposition 14 . 1 1 we know that 

Aa{h) = np{K){U{h) + <dHi), 

(5.3) Lxa{h) = n(n - l)p(h)(H{h)H x + QH 2 ). 
Therefore, 

(5.4) CMh) = n(n - l)p(h)(H(h) 2 - <d 2 H 2 ), 
where C\ is the operator given by 

d = {n - l)%(h)A - QLi = TrfPi o hess), 

with 

Vi = (n - l)H{h)I - OPi. 

Let us now state the first main result of this section, which extends Theorem 2.4 
in [3] to the case of constant 2-mean curvature H2- 

Theorem 5.2. Let f : S n — > /x p P n be a compact hypersurface of constant positive 
2-mean curvature Hi- IfH'(t) > and the angle function O does not change sign, 
then P™ is necessarily compact and /(£") is a slice. 

Proof. As indicated above, we choose the orientation of E so that Hi > 0. Since E n 
is compact, we may apply Lemma [5TT1 Let us consider first the case where 8 < 0, 
for which T-Hh) > 0. Thus, the operator Vi is positive semi-definite or, equivalently, 
Ci is semi-elliptic. 

Since E is compact, there exist points p max € E and p m i n G E such that 

h(p max ) = h* = max/i and h(p m i n ) = h. t = min/i. 
Therefore, || V/i(p max )|| = ||V/i(p m i n )|| = 0, which yields 

6(Pmax) = S(Pmin) = -1 

because of (|4.3p . Observe that 



and 



(aohY=m i x(aoh)=a(h*)=a(h(p max )) 



(cr o h)* — imn(cr oh) — a(h*) = o-(h(p m i n )), 



because o~(t) is strictly increasing. In particular, 

Hesscr(/i)(p max ) < and Hess<r(/i)(p m i n ) > 0. 
Taking into account that V\ is positive semi-definite, yields 

Aff(/i)(Pmax) - n(n - \)p{h*){U(h*) 2 -H 2 )<0 

and 

CMh)( Pmin ) = n{n - l)p{K){H(K) 2 - H 2 ) > 0. 
Then, since T-L{h) > on E, we obtain 

U{K) > Hl /2 >H(h*). 
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On the other hand, by H' > we also have H(h*) < H(h*). Thus the validity of 

1 /2 ______ 

the equality W(h*) = H(h*) and H(h) = H 2 ' is constant on E. By (|5.3[) . using 

1/2 

the basic inequality H\ > H 2 ' and the fact that 9 > — 1, we obtain 

L X (x{h) = n(n - \)p{h)H 1 2 /2 {H l + QH 2 /2 ) 

> n(n - l)p{h)Hl /2 {Hi - h\ /2 ) > 0. 

That is, Lia(h) > on the compact manifold E. Thus, by the maximum principle 
applied to the elliptic operator L\ we conclude that cr[h), and hence h, is constant. 

Finally, in the case where O > we know from Lemma f5.ll that H(h) < on 
E, so that the operator —C\ is semi-elliptic. The proof then follows as in the case 
O < 0, working with —C\ instead of C\. □ 

In our next result, we consider the case of complete (and non-compact) hyper- 
surfaces, extending Theorem 2.9 in 0] to the case of constant 2-mean curvature 
hypersurfaces. 

Theorem 5.3. Let f : E n — > Ix p ¥ n be a complete hypersurface of constant positive 
2-mean curvature H2 such that 

(5.5) K™ d > -G(r). 

Here G is a smooth function on [0, +00) which is even at the origin and satisfies 
conditions (i)-(iv) listed in Theorem \3.1\ Assume that sup s \H\\ < +00 and that 
E is contained in a slab, that is, 

/(E")c[ti,t 2 ]xP n , 

where t\,t2 G / are finite. IfH (t) > almost everywhere and the angle function 
does not change sign, then /(E™) is a slice. 

Proof. Choose the orientation of E so that Hi > 0. By Corollary 13. 31 we know that 
the Omori-Yau maximum principle holds on E for the Laplacian operator, so that 
we may apply Lemma 15. II 

In the case where < 0, by Lemma T5.ll we have T-L{h) > 0, and therefore the 
operator Vi is positive semi-definite. In other words, the differential operator C\ is 
semi-elliptic. Furthermore 

Tr-Pi = n{n - l)H(h) - n{n - l)HiQ < n(n - l)(H(h*) + H{), 

where h* = sup s h < +00 and H^ — sup E Hi < +00. Hence by Corollary 13.31 we 
know that the Omori-Yau maximum principle holds on E for the operator C\. 
Since sup s a(h) = o-{h*) < +00, there exists a sequence {pj}jen C E such that 

(i) lim o~(h(pj)) — swpa(h) — a(h*), 

(m) ||V(<t o h)( Pj )\\ = p(h(p s ))\\™(Pi)\\ < J. 
(Hi) Ci(a o h)(pj) < -. 

Observe that condition (i) implies that lim :) _ i . +00 h(pj) = h*, because o~(t) is strictly 
increasing. Thus by condition (ii) we also have limj_j. +00 ||V/i(pj)|| = 0. Therefore 

£Mh)( Pj ) = n(n - l)p(h(p 3 )){H{h{p 3 )) 2 - Q 2 { Pj )H 2 ) < - 
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and taking the limit for j — > +00 and observing that & 2 (pj) — 1 — |j V/i(pj)|| 2 — > 1 
as j — > +00, we find 

H(h*f -H 2 <0. 

On the other hand, since h is also bounded from below, infs a{h) — ct(/i») > —00, 
where /i* = infs h > —00. Thus, we can find a sequence {(jjljeN C £ such that 

(i) lim o(h(qj)) = inf <j{h) = er(/i*), 

j— >+oo £ 

ill) \Maoh){ qj )\\ =p(% j ))||V% j )|| < j, 

(m) £i(<7 o h)(qj) > — r. 
Hence, proceeding as above and using that 

CMMq) = n(n - l)p(M«fc))(W<fc)) 2 - <3 2 (qj)H 2 ) > -- 

we find 

H(K) 2 -H 2 >0. 

Thus -H(/i*) 2 > "H(/i*) 2 and, taking into account that H(h*),H(h*) > 0, this gives 
H(h*) > H(h*). Therefore, since T-L{t) is an increasing function we conclude that 
h* = h*. 

Finally, let us consider the case where > 0. By Lemma 15.11 we find that 
H(h) < and then the operator — L\ is semi-elliptic. Moreover 

Tr(-Vx) = -n(n - l)H(h) + n(n ~ 1)^0 < n(n - 1){-U{K) + H*). 

Hence the trace of —V\ is bounded from above and by Corollary [33] the Omori-Yau 
maximum principle holds for the operator —C\. Proceeding as above we arrive at 
the two inequalities 

H 2 - H(Kf > and H 2 - H(h*) 2 < 0. 

Thus H{K) 2 < U{h*) 2 . Since H{K),U{h*) < 0, this implies H(h*) > H{h*). But 
H(t) being increasing, this gives = h* concluding the proof. □ 



In particular, Theorem 15.31 remains true if we replace condition (|5.5j) by the 
stronger condition of S™ having radial sectional curvature bounded from below by 
a constant. This happens, for instance, when the sectional curvature of P n is itself 
bounded from below. This observation yields the next 

Corollary 5.4. Let P™ be a complete Riemannian manifold with sectional curva- 
ture bounded from below and let f : E™ — > / x p P™ be a complete hypersurface of 
constant positive 2-mean curvature H 2 . Assume that sup E \Hi\ < +00 and that £ 
is contained in a slab, that is, 

/(S")C [h,t 2 ] xP", 

where t\,t 2 £ I are finite. IfH'(t) > almost everywhere and the angle function 
does not change sign, then /(£") is a slice. 

As already observed, for the proof of Corollary 15 Al it suffices to show that K™ d 
is bounded from below by a constant, and the result then follows from Theorem 
15.31 Actually, we can prove the following stronger result, which will be useful in 
the sequel. 
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Lemma 5.5. Let P™ be a Riemannian manifold with sectional curvature bounded 
from below and let f : E" — > I x p P n be an immersed hyper surf ace. Assume that 
sup E ||A|| 2 < +00 and that E is contained in a slab. Then the sectional curvature 
of E is bounded from below by a constant. 

Given the validity of Lemma 15.51 taking into account the equality 

||A|| 2 = Tr(A 2 ) = n 2 H\ - n(n - l)H 2 

it follows that, under the assumptions of Corollary 15.41 

sup ||A|| 2 < 7i 2 (supiJi) 2 - n(n ~ l)H 2 < +00. 



Thus K™ is bounded from below by a constant. 

Proof of Lemma 15.51 Recall that the Gauss equation for a hypersurface / : E" — > 
M n+1 is given by 

(R(X,Y)Z,V) = (R(X,Y)Z, V) - (AY,V)(AX, Z) + (AX, V) (AY, Z) , 

for X, Y, Z, V £ TE, where R and R are the curvature tensors of E™ and M n+1 , 
respectively. Then, if {X, Y} is an orthonormal basis for an arbitrary 2-plane 
tangent to E, we have 



for every unit vector X tangent to E. Since we are assuming that sup s ||^4|| 2 < +00, 
it suffices to have K(X, Y) bounded from below. 

The curvature tensor of M n+1 expressed in terms of the curvature tensor of P™ 

is 



for every U,V,W £ TM, where T = dt and we are using the notation U* to denote 
iipJJ for an arbitrary U £ TM. Then, for the orthonormal basis {X, Y} we find 
that 



s 




\\AX\\ 2 < Tr(A 2 )\\X\\ 2 = \\A\ 



R(U, V)W = R P (U*, V*)W* ~ -H 2 (7r/)((Vs W)U - (U, W)V) 
+ %'(tt i )(W,T)((U,T)V - (V,T)U) 
- n'(7tj)((V, W) (U, T) - (U, W) (V, T))T, 



(5.7) 



K(X,Y) 



> 




since 



(X,Vh) 2 + (Y,Vh) 2 < \\Vh\\ 2 < 1. 
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On the other hand, 



\X*AY*\\ 2 = \\X*f\\Y*\\ z - (X*,Y* 



= 1 - (X,T) 2 - (Y,T) 2 < 1. 
Therefore, if Kp > c for some constant c, we deduce 

(5.8) K P (X*,Y*)\\X* AY*f > 



p>{h) rv ' 1 - pW 

Finally, since h a bounded function, we conclude from (|5.6I) , (|5.7I) and (|5.8I) that the 
sectional curvature F) is bounded from below by an absolute constant. □ 

We observe that condition (|5.5[) has been used in the proof of Theorem 15.31 only 
to guarantee that the Omori-Yau maximum principle holds on £ for the Laplacian 
and for the semi-elliptic operator C\ (or — C±). Therefore, the theorem remains 
true under any other hypothesis guaranteeing this latter fact. Thus, and as a 
consequence of Corollary 13.41 we can also state the following: 



Theorem 5.6. Let P™ be a complete, non-compact, Riemannian manifold whose 
radial sectional curvature satisfies condition (|3.12l) . Let f : £™ — > / x p P™ be a 
properly immersed hypersurface of constant positive 2-mean curvature H2. Assume 
that sup s |iii| < +00 and that £ is contained in a slab. IfH'(t) > almost 
everywhere and the angle function does not change sign, then /(£ n ) is a slice. 

As pointed out before, for the validity of Theorem 15.61 it suffices to show that 
the Omori-Yau maximum principle holds on £ for the Laplacian and for the semi- 
elliptic operator C\ (or — £1). But this follows directly from Corollary 13.41 since 
P|| 2 = Tr(A 2 ) = n 2 H\ - n(n - l)H 2 and 

sup \\A\\ 2 < n 2 (sup-ffi) 2 - n(n - 1)H 2 < +00. 

E E 



See the remark following Corollary 

6. Hypersurfaces with constant higher order mean curvature 

In this section we will extended our previous results to the case of hypersurfaces 
with non-zero constant fc-mean curvature Hk, when k > 3. To this end, we will 
work with the operator Lfc_i, and we will assume that there exists an elliptic point 
in £. Note that the existence of an elliptic point is always guaranteed when £ is 
compact and p' ^ on £ (see the proof of Theorem 17.11 below and Lemma 5.3 in 
[2] in a Lorentzian ambient space) . Recall from the discussion in the Preliminaries 
that the existence of an elliptic point implies that Hk is positive, the immersion is 
two-sided and H % > for the chosen orientation. Moreover, it implies also that, 
for every 1 < j < k — 1, the operators Lj arc elliptic or, equivalently, the operators 
Pj are positive definite. 

In order to extend our previous results to the case of higher order mean curva- 
tures, we introduce a family of operators, extending L\. For 2 < fc < n, we define 
the operator 

fe-i 

= Tr([^(-l) J ^H(/ l ) fe - 1 - J J P,] o hess) = Tr(7Vi ° hess), 
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where 

fc-i 

(6.1) Vk-x = Y J {-^y^r-'H.{h) k - i -i&p j . 

j=o Cl 

We claim that 

C k -xa(h) = c k . lP (h)(H(h) k + (-l) k - 1 e k H k ). 



and we prove the claim by induction. We have already seen in (|5.4j) that the claim 
is true for k = 2. For k > 3, we observe that 



and then 



r k -i = —u{h)v k _ 2 + (-i) fe - 1 e fe - 1 p fc _ 1 

Cfc-2 



C k -i = —H(h)£ k _ 2 + (-i) fe - 1 e' : - 1 L fc _ 1 



Cfc-2 

Therefore, if k > 3 and we assume that the claim is true for £ k -2, then using (|4.2j) 
we conclude that 

= —U{h)C k - 2 <j{h) + (-l) k - l Q k - 1 L k _ 1 tr(h) 

Cfc-2 

= c k ^ lP (h)(u{h) k + (-i) fe - 2 ?{(ft)e' ! - 1 F fc _ 1 
+(-i) k - 1 H(h)e k - 1 H k _ 1 + (-i) fe - 1 e fc J fr fc ) 

= c k - lP (h)(H(h) k + {-l) k ~ 1 e k H k ). 

We are now ready to give the following extension of Theorem 15.21 

Theorem 6.1. Let f : E™ — » / x p P" 6e a compact hypersurface with constant 
k-mean curvature H k , with 3 < k < n. Assume that there exists an elliptic point 
in E. // H'(t) > and the angle function does not change sign, then P" is 
necessarily compact and f(Y> n ) is a slice. 

Proof. Choose the orientation of E so that Hi > 0. Since E n is compact, we may 
apply Lemma [5.11 Let us consider first the case when 8 < 0, so that W(h) > 0. 
Thus, by (|6.1I) the operator V k -i is positive semi-definite or, equivalently, £fc_i is 
semi-elliptic. Reasoning as in the proof of Theorem 15.21 yields 

C k -ia{h)(p max ) = c k „ lP {h*){U{h*) k -H k )<0 

and 

C k - l0 -(h)( Pm in) = c k - lP (K)(U{K) k - H k ) > 0, 
with p max € E and p m i n € E such that h(p m&x ) = h* = maxj h and h(p mul ) = — 
mins h. 

Then, since H(h) > on E, we obtain 

U{K) > Hl /h > H{h*). 

On the other hand, by H' > we also have W(h*) < H(h*). Thus, we have the 
equality H(K) = H(h*) and H(h) = B^ k is constant on E. Therefore, by flU]) 
and using the Carding inequality iJfc_i > H^ 1 ^ 1 ^ (see (|2.ip ) and the fact that 
> — 1, we obtain 

L k ^a(h) = c k - lP {h)H 1 k /k {H k _ 1 +QH ( k k - 1)/k ) 

> c k - lP (h)Hl /k (H k ^ - H {k - 1)/k ) > 0. 
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That is, Lk-i<j{h) > on the compact manifold E. Therefore, by the maximum 
principle applied to the elliptic operator Lk-i we conclude that o~(h), and hence h, 
is constant. 

Finally, in the case where 6 > we know from Lemma UTTl that H(h) < on E, 
so that the operator (— l) k ^ 1 Ck-i is semi-elliptic. The proof then follows as in the 
case < 0, working with (— l) fe_1 £fe_i instead. □ 

For the case of complete (and non-compact) hypersurfaces, we can state the 
following extension of Theorem 15.31 

Theorem 6.2. Let f : E" — > I x p ¥ n be a complete hypersurface with constant 
k-mean curvature H k , 3 < k < n, which satisfies condition (|5-5[) . Assume that 
there exists an elliptic point in E, sup s < +oo and E is contained in a slab. If 
W^t) > almost everywhere and the angle function does not change sign, then 
/(E n ) is a slice. 

Proof. By Corollary 13.31 we know that the Omori-Yau maximum principle holds 
on E for the Laplacian operator, so that we may apply Lemma |5. II Thus, in the 
case where 9 < we have H(h) > and therefore 

{-lynQif- 1 ^^ > 

for every j = 0, . . . ,k — 1. Since the operators Pq = J, Pi, ... , Pk-i are all positive 
definite, it follows from here that the operator Vu-\ is positive semi-definite or, in 
other words, that the differential operator Ck-i is semi-elliptic. Furthermore, since 
< -0 < 1, 

fe-i fc-i 
Tr(TVi) = c fe _x ^(-ly-Hih^-^Q^Hj < c k ^ ^ U(h* f-^'H*, 

3=0 3=0 

where h* = sup s h < +oo and H* — sup s Hj < (sup s i/i) J < +oo because of 
()2.ip . Hence by Corollary 13.31 the Omori-Yau maximum principle holds for the 
operator Ck-i and, proceeding as in the proof of Theorem 15.31 we may find two 
sequences {pj}jeN C E and {<7j} j6 N C E satisfying 

lim h(pj) = h* , and lim h(qj) = h*, 

J-S- + DO J-S- + 00 

lim G(p,-) = lim 0fe) = -1, 

J— V+oo j— >+oo 

C k -Mh)( Pj ) = c k - 1 p(h{p j ))(nh{p j )) k + (-lf-^HpiW < - 

and 

C k -xa{h){qj) = c k ^p(Kl3))mKl3)) k + (-l)"" 1 ©"^)^) < j- 

Making j — > +oo in the inequalties above, we obtain that 

H{h*) k <H k < H(K)\ 

which implies that h„ = h*, as in the proof of Theorem 15.31 

Finally, in the case where > we proceed again as in the proof of Theorem 
15.31 working now with the operator (— l)' £_1 £fe_i, which in this case is semi-elliptic 
and with Tr((— l) k ^ 1 T' k -i) bounded from above. □ 
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As in the previous section for Theorem 15. 6[ Theorem 16.21 remains true if we 
replace condition (|5.5[) by the stronger condition of E" having radial sectional cur- 
vature bounded from below by a constant. By applying Lemma 15.51 we see that 
this happens when the sectional curvature of P™ is itself bounded from below. 

Corollary 6.3. Let¥ n be a complete Riemannian manifold with sectional curvature 
bounded from below and let f : E n — > I x p P n be a complete hypersurface with 
constant k-mean curvature Hk, 3 < k < n. Assume that there exists an elliptic 
point in E, sup s |_ffi| < +oo and E is contained in a slab. IfHf(t) > almost 
everywhere and the angle function does not change sign, then /(E n ) is a slice. 

Indeed, by (|2.ip we know that H 2 > 0, so that sup E ||A|| 2 < n 2 (sup s Hi ) 2 < +oo 
and we may apply Lemma l5.1l to conclude that the radial sectional curvature of E 
is bounded from below. The result then follows from Theorem 16.21 

Finally similarly to what happened in the previous section, condition (|5.5[) has 
been used in the proof of Theorem 16.21 only to guarantee that the Omori-Yau 
maximum principle holds on E for the Laplacian and for the semi-elliptic operator 
£k-i (or —Ck-i). Therefore, the theorem remains true under any other hypothesis 
guarantcing that property. Then, and as a consequence of Corollary 13. 4i we can 
also state the following: 

Theorem 6.4. Let P™ be a complete, non-compact, Riemannian manifold whose 
radial sectional curvature satisfies condition (|3 . 1 2(1 . Let f : E" — > / x p P" be a 
properly immersed hypersurface of constant k-mean curvature, 3 < k < n. Assume 
that there exists an elliptic point in E, sup s \H±\ < +oo and that E is contained in 
a slab. IfH'(t) > almost everywhere and the angle function does not change 
sign, then /(E™) is a slice. 

7. Further results for hypersurfaces with constant higher order 

mean curvatures 

In this last section we introduce some further results for the case of constant 
higher order mean curvatures. As a first result in this direction we shall prove the 
next 

Theorem 7.1. Let f : E™ — > M n+1 = Lx p V n be a compact hypersurface of constant 
k-mean curvature, 2 < k < n and suppose that % does not vanish. Assume that 

(7.1) *Tp» > SU P {p' 2 - P "p}, 

I 

Kfn being the sectional curvature of P", and that the angle function does not 
change sign. Then either /(E™) is a slice over a compact P™ or M n+l has constant 
sectional curvature and E" is a geodesic hypersphere. The latter case cannot occur 
if the inequality (|7.ip is strict. 

First we proceed with the proof of two important lemmas that we will be essential 
in the proof of Theorem 17. 11 For Lemma W?2\ see also Lemma 3.1 in [5]. 

Lemma 7.2. Let E™ — > M be an isometric immersion. Let E±, E n be a local 
orthonormal frame on E and N be local unit normal. Then 

n k—ln 

(7.2) ^((V^Pfc)*,^) = ^^(-l)^ 1 --'"^, A k - 1 ^X)N,P ] E l ), 

i = l j=0 i=l 
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for every vector field X G TE. 

Proof. We will prove Equation (|7.2|) by induction on fe, 1 < fe < n — 1. It is 
not difficult to prove that this is true for k = 1 using Codazzi equation and the 
definition of P±. Assume that the equation holds for k — 1. Then, using again 
Codazzi equation we get 

n n n 

^((V Ei P k )X,Ei)=-^{(V m P k - 1 )AX,E i )+^$(Ei,X)N,Pk-iE i ) 

i—1 i=X i=X 

fe-2 n 

= - £X;(-l) fc - 2 - J '(R(£i, A k -^X)N,P j E i ) 
j=0 »=i 

n 

+ ^(R(^,X)iV,P fc _ 1 K i ) 

i=l 
fe— 1 n 

= E EC- 1 )* -1- ' (Re** A*- 1 -'*)^ p^>. 

j=0 i=l 

For further details see [5], paying attention to the different convention for the sign 
of R. □ 

Corollary 7.3. Let E™ — > / x p P n be an immersed hyper surf ace and assume that 
P™ has constant sectional curvature k. Then 

(7.3) divP fe = -{ n -k)Q(^-+n'{h))P k - l Vh. 

Proof. Let E\, ...,E n be a local orthonormal frame on E™ and observe that 

n 

(dwp k ,x) = ^2{(y Ei p k )x 1 E i ) 
i=i 

for every vector field X £ TE. Fix j, j = 0, fe — 1. Then 

n n 

^2^iE i ,A k - 1 -'X)N,P j E i ) =Y,(MKp*Ei,Kp*A k - 1 - j X)n P *N,P j E i ) 

i=l i=l 

+ en'(h)((p J vh,A k - 1 - : >x) 

-c j H j ('Vh,A k - 1 - j X)), 
Since P™ has constant sectional curvature n it follows that 

R P (y, Z)W = k((Z, W) v Y - (Y, VF) P Z). 
Hence a direct calculation shows that 

n 

V(PpK,P 4 , n P ,A k - 1 -SX)n P ,N, P 3 E t ) =- 5 £_e«p J V/i, A*" 1 "''*) 
We claim that 

fc-i 

B k := E(-l) fc-J ' -1 (^* -1-j - CjHjA*- 1 -*) = -(n - fe)P fe -i. 
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In this case the conclusion of the Corollary is immediate. We prove the claim by 
induction on k, k = 0, n — 1. The case k = is trivial. Assume that we proved 
the equation for k — 1. Then 

B k =P k -i - c^Hk-iI - S fc _i o A 

=P k -i - Ck-iHk-il + (n - fc + l)P fe -2^ 
= -(n- fc)P fc _i. 

□ 

Lemma 7.4. Lei S n fee a hypersurface immersed into a warped product space I x p 
¥ n , with angle function and height function h. Let = p0. Then, for every 
k = 0, n — 1 we have 

L k B = - ( 1 " \p(h)(Vh,VH k+1 ) - p'{h)c k H k+l 



k + 1, 

QH'(h)(\\Vhfc k H k - (P k Vh,Vh)) - -^Pk 



where 



0( fc " x )(/<//,//,, + , - (// -/.• ■ 



/3fe = ^^fc,i^p( 7r P*-Si7 7r P*^ v )ll 7r P*^i A 7rp„iV|| 



Here the p, kt i 's stand for the eigenvalues of P k and {E±, . . . , E n } is a local orthonor- 
mal frame on £ diagonalizing A. 

Proof. Since p(t)T is a conformal vector field 

V0 = -p(h)AVh. 

Therefore, using Equation (|4.4I) we find 

V x V0 = -p(h)(V x A)Vh - p'(h)AX - OA 2 X. 

Hence 



L k e = - p(h) J2(Pk(V Ez A)\7h, E t ) 



n 



- p'{h)c k H k+1 -y k + JetMfc+i — (n — fe — l)ff fc+2 ) 

Using the expression of the covariant derivative of a tensor field we get 

-P k (V Ei A)Vh =(V Ei P k )AVh - (V Ei P k A)Vh 

= (V Ei P k )AVh + {V Ei P k+1 )Vh - Ei{S k+1 )Vh. 
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By equation (|7.2|) it follows that 

n n 

- Y,(Pk(V Et A)Vh, Ek) = ^<(V Ei P k )AVh, Ei) 

i=l i=l 

n 

+ ^((V^Pfe+OVft, Ei) - Vh(S k+1 ) 

n 

= ^2(S(Ei,Vh)N,P k Ei)-Vh{Si^i). 

8=1 

Since V/i = T — QN, we can write 

R(Ei, Vh)N = R(E h T)N - QR(E h N)N. 
Using Gauss equation and observing that irr^T = we get 

R{Ei,T)N = -(H{h) 2 + U'{h))QEi = -^-QE,. 

p{h) 



So 

Again by Gauss equation 

R(E h N)N = B*(ir,.Ei, n r *N)n r *N - H(h) 2 Ei 

+ H'(h)e((Ei,Vh)N - BE,) - H'(h)(Ei,Vh)T. 

Assume that the orthonormal basis {-Ei}™ diagonalizes A and hence P k , that is 
P k Ei = p.k.iE,. Then 

n ^ n 

^ P( h ) f~[ 



P"(h) 
p(h) 



c k H k + H'(h)(\\Vh\\'c k H k - (P k Vh, Vh)). 



Thus, 

n n n 

^<R(£i, V/i)iV, P k E % ) =Y / (R(E U T)N, P k E t ) - 9 ^<R(£i, N) N, P k E % 



i=l 

e 



■ 2J Pk,iK v (iT¥ if Ei,iTp*N)\\'n: Vit Ei A TT Vif N\ 



-QH'(h)(\\Vhfc k H k - (P k Vh,Vh)) 
and this concludes the proof of the lemma. □ 

Corollary 7.5. Let S" be a hypersurface immersed into a warped product space 
I X p P™, with angle function 9 and height function h. Assume that P" has constant 
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sectional curvature k and let = p(h)Q. Then, for every k — 0, ...,n — 1 we have 





















n 


-*( 


k + 1 



(nH 1 H k+1 - {n - k - l)H k+2 ). 

We are now ready to give the 

Proof of Theorem \7.1\ We may assume without loss of generality that H(h) > 
on E. Since E" is compact, there exists a point po € E where the height function 
attains its maximum. Then Vh(p ) = 0, 0(po) = ±1 an d by (|4.4[) 

HesBfe(po)(»,t;) =H(h*)(v,v) + Q(p )(Av,v)(p ) < 0. 

If 9(p Q ) = -1, then 

(A«,«)(po) >0, 
for any u ^0. Thus is & n elliptic point, iffc is a positive constant and by Garding 
inequalities 

#1 > #1 > • • • > #| > 
with equality only at umbilical points. In particular, E is two-sided and then < 0. 
If O(po) = 1) changing the orientation we have the same conclusion. 
Consider the function 

= tr(h)H% + p(h)0. 
Let us prove that Lk-\4> > 0. Since H k is constant we have 

L k - 1( f) =H^L k ^a(h) + L k _ x @ 

^fc-iffjf (//(/i)Hfc_i + QH k ) - ck^H^en'wwvhW 2 
+ en'(h)(p k ^wh, vh) - e Q (nH^ - (n - fe)H fe+1 ) 

6 n 

- p'(h)c k - 1 H k - —^j^'^2 l ^ k ^ i K v ('K r ^E i ,-K r , f N)\\-K Vlt E i A 7Tp»iV|| 



=A + B + C, 



where 



and 



i4 = -©(, J (nffi-fffc - (n - fc)H fe+1 - fc ), 
B = c k - 1 p[{h){H h - 1 H$-H k ) 

C = - &H'(h)(\\Vhfc k -iH k -. 1 - (Pk-iVh, Vh)) 

Then by Garding inequalities, 

H k -iH]j - H k = ffjf (fl- fc _i - fl^) > 0. 
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Moreover, 



fc+1 fc+1 fc+1 fc + 1 

nH Y H k -kH k k > nH k k - kH k k =(n- k)H k k , 



hence 



nH x H k - kH k k +kl - (n - k)H k+1 >{n- k)(H^ - H k+l ) > 0. 



Finally, let a :— sup 7 {p' 2 — p" p}. Since 

\\w v *Ei A vrp^H 2 = || Vhf - (E i: Vh) 2 , 

taking into account that the fik-i^s are positive, we have 

n 

i=l 

n 

- a ^Z^k-i.i\W*E l A ir Pf N\\ 2 



a{c k ^H k ^\\Vh\\ 2 - (P k ^Wh,Vh)). 



Hence, 



1 ™ 

—^'S^ji k ^ 1 . i K P (iT Vit Ei 1 iTp*N)\\Trp*E l A n r *N\\ 

p{ h ) f-[ 

+ H'(h)(\\Vh\\ 2 c k _ 1 H k _ 1 - (P^V/i, V/i)) 
>(j^+n'{h)Y\\Vh\\ 2 c k ^H k ^~ (P k _iVh,Vh)) >0, 

where the last inequality follows from a — sup / {— p 2 H'} and from the fact that 
P k -i is a positive definite operator. 

Thus, L k -i<f> > 0. Since Lfc-i is an elliptic operator and £ is compact, we conclude 
by the maximum principle that <f> must be constant. Hence L k -i<j) = and the 
three terms A, B and C in Lfc-i</> vanish on S. 

In particular B — implies that £ is a totally umbilical hypersurface. Moreover, 
since H k is a positive constant and £ is totally umbilical, all the higher order mean 
curvatures are constant. In particular, Hi is constant and the conclusion follows 
by Theorem 3.4 0]. □ 

On the other hand, using Theorem 3.1 in [3] we can give the following version 
of Theorem 3.4 in [3] for the complete case. 

Proposition 7.6. Let M n+1 = I x p P™ be a warped product space and assume that 
the Ricci curvature o/P" satisfies 

(7.4) Riccr > sup{// 2 - p"p). 

i 

Let f : S" — > I x p ¥ n be a complete, parabolic, two-sided hypersurface with constant 
mean curvature. Suppose that 

/(E n )C [h,t 2 ] xP™, 

where t\, t-x are finite. If the angle function does not change sign, then /(S n ) is 
a slice. 
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For the proof, observe that since the function <p — Ha(h) + Q is subharmonic and 
S is parabolic, then it must be constant. In particular, Acj> — and by Equation 
(3.8) in [2] we conclude that h has to be constant, because of the strict inequality 
in ([fcll) . 

In what follows, we extend this result to higher order mean curvatures. Towards 
this aim, we let be the operator 

£*/ - div(P fe V/), 

where / € C°°(E). Notice that 

Z k f = (divP k ,Vf)+L k f. 

We introduce the following 

Definition 7.7. We will say that the manifold E" <-t I x p P™ is £fc-parabolic if 
the only bounded above C 1 solutions of the inequality 

£ & />0 

are constant. 

The following theorem is a special case of Theorem 2.6 in [13] 
Theorem 7.8. Let S" ^ / x p P n be a complete manifold. Fix an origin o £ E. If 

(7.5) ( sup Hk^volidB^Y 1 i L^+oo), 

where dB t is the geodesic sphere of radius t centered at o, then E ra is £, k -i-parabolic. 

We are ready to state our last result. 

Theorem 7.9. Let M n+1 = I x p P n be a warped product space and assume that 
P™ has constant sectional curvature K satisfying 

(7.6) k > sup{p' 2 - p"p}. 

i 

Let f : S" — > I x p P™ be a complete hyper surf ace with sup s |iJi| < +oo and 
satisfying condition (|7.5p . Suppose that f has constant k-mean curvature, 2 < k < 
n, and 

/(£") c [h,t 2 ] xP", 
where t\, £2 Are finite. Assume that either k — 2 and 7?2 is positive or k > 3 and 
i/iere exists an elliptic point p G E™. If H(h) and the angle function do noi 
change sign, then /(E ra ) is a slice. 

Remark 7.10. Comparing with Theorem 17.11 we have relaxed the condition on H 
but we are requiring, as it will be clear from the proof, the existence of an elliptic 
point. That, on a compact manifold was guaranteed by the assumption % > 0. 
Moreover, we observe that the angle function is indeed well defined because E is 
two-sided. For k = 2, this follows from the positivity of H2 since H\ > H2 > 0. 
In the remaining cases this property follows from Carding inequalities, as in the 
compact case. In any case we choose the orientation so that Hi > 0. 

Proof. It follows from the hypotheses that sup s || A\\ < +00 and therefore by Lemma 
15.51 the sectional curvature of E is bounded from below. We deduce then the 
validity of the Omori-Yau maximum principle for the Laplacian. Assume H(h) > 0. 
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Applying the Omori-Yau maximum principle to the Laplace operator and using 
Equation ()4.1[) we find that 

-sgnGliminf Htfaj) >H{h*) > 0. 

Therefore for the chosen orientation, sgn9 = — 1 and 9 < on S. Consider the 
operator 

Zk-lf = div(P fe _iV/) 



and the function 



H£a(h) + G, 



where 9 = p(h)Q. Since P ra has constant sectional curvature k, it follows by 
Equation ([73]) that 



(n-k- 


hl)e U/.) + 


(n-k- 


hl)e U/o + 


(n — k - 





i fc _i<£ = - (n - k + 1)6( + ft'(/i)J (P k - 2 Vh, V0) + L fc _ x < 

n'(hfj(P k . 2 Vh,Vh)Hl 

H'(h)yP k - 2 AVh,Vh) 

+ H^L k -ta(h) +L k _iG. 
Using Equation (|4.2j) and Corollary 1 7. 5 1 we find 



' 9 f nffi-ff* - (n - fc)i/ fc+ i - fcPT, ' 



(7.7) - (n - k)e(-^ + H'{hj) (P fc -iV/i, V/i) 

- (n - fc + I)9p| (-^- + (P fe _ 2 V/i, V/i). 

Using Carding inequalities as in Theorem 1 7. 1[ it is easy to prove that the first and 
the second terms are nonnegative. By the fact that each P, is an elliptic operator, 
j — 0, ...,k — 1, and by Equation (|7.f p . it follows that also all the remaining terms 
in the previous equation are nonnegative. Thus £ k -i<f> > 0. Since, by assumption 
(|7.5[) S" is £fe_i-parabolic, we conclude that <j) has to be constant. In particular, 
£fc_i</) = and the four terms on the right-hand side of Equation (|7.7p vanish. Let 
us prove that U = {p € S" : 9(p) = 0} has empty interior. Indeed, assume the 
contrary and let V 7^ be an open subset of U. On V the function <fi = a(h)H^ k 
is constant. Hence, since H k 7^ 0, then a(h) and, equivalently h, is constant on V, 
which is not possible since \\Vh\\ 2 = 1 - 9 2 = 1 on V. Therefore, since the third 
term on the right-hand of (|7.7j) vanishes identically, we have 



(P fc _iV/i,V/i) = 0. 

Since P k -i is positive definite, this means that h has to be constant. □ 
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